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ABSTRACT: We extend the framework for polarizable force fields
to include the case where the electrostatic multipoles are not
determined by a variational minimization of the -electrostatic
energy. Such models formally require that the polarization response
is calculated for all possible geometrical perturbations in order to
obtain the energy gradient required for performing molecular
dynamics simulations. By making use of a Lagrange formalism,
however, this computationally demanding task can be replaced by
solving a single equation similar to that for determining the
electrostatic variables themselves. Using the recently proposed
bond capacity model that describes molecular polarization at the
charge-only level, we show that the energy gradient for nonvaria-
tional energy models with periodic boundary conditions can be

Z(R,QA) = %Q*]Q +A7 [(1 +CJ)Q+Cx — Qo]
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calculated with a computational effort similar to that for variational polarization models. The possibility of separating the
equation for calculating the electrostatic variables from the energy expression depending on these variables without a large
computational penalty provides flexibility in the design of new force fields.

B INTRODUCTION

Computer simulations of biomolecular systems are a valuable
tool for understanding the biological mechanism for many
diseases and aiding in the search for new potential drug
molecules."”” Given the size of these systems, only simulations
based on treating the nuclear motions by classical mechanics is
feasible. Exploring the dynamics of liquids and proteins by
solving Newton’s second equation by a sequence of small finite
time steps was pioneered by Rahman, Verlet, and Karplus and
Weaver,” > respectively, and molecular dynamics (MD)
simulations have become routine methods implemented in
several high-performing computer programs. The maximum
time step is given by the fastest inherent motion of the
particles, being on the order of 1 fs for atomistic resolution.
Simulations corresponding to following the atomic motions for
nanoseconds thus requires millions of force calculations, and
this necessitates that each force calculation can be performed
in a few seconds of real time in order to be feasible in a time
frame of a few months. This in turn demands that the
underlying energy function describing how the molecular
energy depends on the atomic positions is computationally
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very efficient. Ideally, the energy function should be able to
account for the electronic structure of the system, but a
quantum description of the electronic degrees of freedom is
prohibitive from a computational point of view. The vast
majority of the simulations of biomolecular systems thus
employ parametrized energy functions, usually denoted as
force fields, with AMBER,° CHARMM,  OPLS,® and
GROMOS,” being widely employed examples.

A force field is a parametrized energy function designed to
capture the important parts of the inherent quantum nature of
the electrons that provide molecular bonding and nonbonding
interactions. The design has traditionally been by proposing a
mathematical functional form and subsequently fitting the
associated parameters to results from either experiments or
higher level calculations. The short-range quantum effects
resulting in bond formation are parametrized in terms of bond
stretching and angle bending functions, typically chosen as
low-order Taylor expansions. The long-range nonbonding
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interaction is parametrized as the sum of a nonpolar dispersion
and a polar electrostatic contribution. When the dispersion is
combined with a repulsive term arising from the electron—
electron exchange interaction, this results in a van der Waals
type mathematical function, of which the Lennard-Jones is a
popular choice. The molecular conformational degrees of
freedom are partly described by the nonbonded interactions,
but an explicit Fourier type torsional energy function is usually
required to obtain satisfactory results. Construction of a force
field is a major undertaking, often proceeding by an initial
parametrization for a limited class of molecules and
subsequently extended to cover a wider selection of systems.
All of the commonly employed force fields have been
developed and refined over several decades and thus exist in
several different versions. With the continuing increase in
computational resources and the use of specialized hardware, "’
the simulation of realistic sized systems in the micro- or
millisecond time frame is becoming feasible.'" Although the
results are still scattered, it appears that the accuracy of the
underlying force field in some cases is the limiting factor."”~ "
There is thus an increasing interest in designing new force
fields that can provide higher accuracy, and ideally it would be
desirable to have a systematic sequence of force fields capable
of providing increasingly accurate results.

The main limitation of production type force fields is the use
of fixed partial atomic charges for describing the electrostatic
interaction, which neglects the effect of the electron
distribution being perturbed by changes in the electric field
due to changes in the molecular geometry. This polarization
effect has been modeled in a force field environment by three
main approaches: the fluctuating charge (FQ) model,'® where
the atomic charges can respond to chan%es in the electrostatic
potential, the induced dipole model,"”” where an atomic
polarizability tensor generates an atomic dipole moment in
response to the electric field, and the Drude oscillator model,'*
where the induced atomic dipole moment is generated by an
additional charged virtual particle connected to the nucleus by
a spring. The induced dipole and Drude oscillator models are
closely related, the main difference being that the latter can be
implemented using only charge—charge interactions, and a
method for transferring parameter between the two models has
been published.'” The Drude oscillator can thus be considered
as a variation of the induced dipole model with the same
underlying approximations. Versions of the AMBER™ and
CHARMM®' force fields incorporating polarization models
have been published, where a polarization model is added to
existing nonpolarizable versions, while more modern force
fields such as AMOEBA™ and SIBFA™ have been designed
with polarization included from the onset. We note in passing
that all existing force fields contain a very large number of
parameters that have been carefully tuned over time, and
inadequacies in the mathematical functions may in the process
have been compensated for by parameter redundancies.”*
Designing new force fields must, in our opinion, address the
parameter redundancy issue, for example by assigning
parameters primarily from electronic structure calculations,
rather than from fitting to experimental results.

Assuming that polarization can be described by a
monotomic convergent multipolar expansion, one would
anticipate charge polarization to be more important than
dipole polarization, and Mei et al. have shown that this indeed
is the case for typical organic molecules with both localized
and delocalized bonding.” It is thus of interest to investigate
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the limitations of a charge-only polarization model before
including higher-order (dipole, quadrupole) polarization terms.
The FQ model,'® or its alternative formulation in terms of
split-charge parameters,”>”” is the dominant charge-polar-
ization model, but it displays nonph;fsical phenomena such as
charge-transfer over infinite distance™® and nonlinear scaling of
the polarizability with system size.””*° Charge-flow terms also
arise when molecular polarizabilities are decomposed into
atomic multipole contributions,” ™’ and these are closely
related to charge response kernel methods.”*~*® The latter has
been used in simulations using the energy expression discussed
in the Supporting Information.””””

We have in recent work proposed a charge-only polarization
model that does not have the FQ artifacts and that is capable
of reproducing molecular anisotropic polarization to within
~10% using only a limited set of parameters derived directly
from electronic structure calculations.” This Bond Capacity
(BC) model has the potential to be a key building block for the
design of new force fields with improved accuracy. However, it
differs from all other existing polarization models by not
calculating the charge variables by a variational minimization of
the electrostatic energy expression, and this leads to computa-
tional challenges that we address in the current work. We show
how the energy gradient required for performing MD
simulations can be calculated with little additional work
compared to energy minimization models and present results
from an implementation using periodic boundary conditions.
The methodology is completely general and thus opens for the
design of polarization models using nonvariational energy
expressions. We will in the following use the terms variational
and nonvariational in the same definition as in electronic
structure theory, where variational implies that the model
variables are defined by an equation obtained by making the
corresponding energy stationary with respect to the variables.
The Hartree—Fock model is thus variational, since the
molecular orbital coeflicients are obtained from equations
derived by minimizing the corresponding energy, but the
coupled cluster model is nonvariational, as the equations
defining the cluster amplitudes are not derived by minimizing
the energy but rather from a projection against a reference
state. The applicability of these models for modeling purposes
similarly requires the capability of calculating energy gradients
in a computationally efficient fashion.

B THEORY

Calculating the molecular gradient for the BC model is a
special case of the more general problem of calculating the
gradient for nonvariational energy functions. We will in the
first part of this section present a general framework for
calculating energy gradients of variational and nonvariational
coupled multipoles. The classical analogue of the Hellmann—
Feynmann theorem™ leads to a simplification for the former
case, while a Lagrange technique can be used to obtain a
similar simplification for the latter case. The second part of this
section derives an explicit expression for the energy gradient of
the BC model, and the last part discusses the implementation
with Periodic Boundary Conditions in the Tinker-HP
package.*!

Lagrangian formulation of the Electrostatic Energy
for Nonvariational Multipoles. We define an N sets of field
dependent (induced) point multipoles M,....M,,..,My centered
at position Ry,..,R;..,.Ry, each containing M multipoles where
Q represents the charge, g the dipole moment, etc. M
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represents the one-dimensional array of dimension (M-N)
gathering all the multipoles in the system, eq 1.

M =[Q, u’ ), 1w Qo 1 1 17,

R Q—N’ ,ulicp ﬂgp /"13; o] (1)

The interaction energy of the electrostatic variables can be
written as a general second order functional shown in eq 2.

& =8, + kM + Lvit™m
2 @)

The interaction energy of the permanent (nonpolarizable)
multipoles is denoted with &, while the linear k'M term
includes interaction between permanent and induced multi-
pole moments. The second order term is the interaction
between induced multipole moments and is defined by the
multipolar operator T, with the M X M matrix representation
of the off-diagonal block T; shown in eq 3, where f(Rv)
represents a general damping function that screens the

electrostatic interactions at a short distance.****
1 Vv, Vv, V,
Vx Vxx ny sz
S FLC0) T e FICY
ij R, y Yy Yy Vi R,
vV, V., sz v,

)

The diagonal blocks T consist of a self-interaction term J

for the charge—charge entry, an inverse polarizability a; " for

the dipole—dipole entries, and analogous terms for higher
order multipoles, eq 4.

J o

’I‘ii= 0 a,‘_l

(4)

Table 1 shows the connection between the M, &, k, and T
terms in eq 2 and the variables in the FQ, Drude oscillator, and
induced dipole, as well as the recently proposed BC models.

The FQ is a charge-only model, and M is in this case a set of
polarizable (fluctuating) charges. The &, term is null as there
are no permanent (nonpolarizable) charges. The Drude
oscillator and induced dipole models introduce polarization
at the dipole level, where the induced dipoles in the Drude
model arise from a pair of point charges at the nucleus and at a
virtual site with a field-dependent position, while those in the
induced dipole model are generated by atomic polarizabilities.
The k term in the FQ model is a set of atomic electronegativity
parameters, while k in the Drude and induced dipole models
represents the electric field arising from the permanent
multipoles. In the CHARMM implementation of the Drude
model,”" the permanent multipoles are the nuclear centered
charges, while in the AMOEBA implementetion of the induced
dipole model,”” the permanent multipoles include atomic
charges, dipoles, and quadrupoles. The charge self-interaction
parameters in the FQ model are usually denoted atomic
hardnesses.

Polarization models can be derived from different starting
points, but the end result can be described by the general form
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Table 1. Key Quantities for the FQ, Drude Oscillator,
Induced Dipole, and BC Models”

term FQ Drude induced dipole BC
M charges (Q)  dipoles (u)" dipoles (u) charges (Q)
&,  none inter. <_)f perm. inter. <_)f perm. none
multip. multip.”
k elneg. param.  field from nucl.  field from perm.  none
§ charges multip.
T T,=] T, = a;' T = a;' T, =0
A T T T (1+c))
b —k -k -k —-Cr+Q

“The A and b terms are introduced later in this subsection, and the
BC model is reviewed in the next section. “Denotes that the induced
dipoles in the Drude model arise from point charges on the nucleus
and on a field-sensitive virtual particle. In the CHARMM
implementation of the Drude model, the static multipoles are
represented by the nuclear centered fixed charges. “Denotes that in
the AMOEBA implementation of the induced dipole, permanent
multipoles include charges, dipoles, and quadrupoles.

in eq 2. All existing polarization models furthermore determine
the polarizable multipoles by making the electrostatic energy in
eq 2 stationary, as shown in eq S.

0E,

—2 =k+TM=0

oM

M=-Tk (s)

The energy gradient required for performing MD simu-
lations is obtained by differentiating eq 2 with respect to the ¢
= {x,y,2} component of vector R, by applying the chain rule, eq
6.

+ (k + TM)(M

do
(6)
The second term on the right-hand side of eq 6 only requires
explicit differentiation of k and T with respect to Cartesian
components, but the third term requires the calculation of the
multipolar response to the geometric perturbation. The latter
formally requires solving 3N linear systems, corresponding to
3N geometrical perturbations, each having dimension M-N
(total number of multipoles in the system). For any realistically
sized system, this is prohibitively expensive computationally. If
the multipoles are derived from a variational minimization of
the energy, however, the multipolar response term vanishes, as

seen from eq 5, yielding eq 7.

d&, 17N ok 1_.0T
=L 4+|=M+-M-—"—M
do, 0o, do, 3

1 1

d& o0& .

el 0 %M + lM' O_TM

do, 0o, ao, 2 Jo )
This is in analogy to the Hellmann—Feynmann theorem™ in

quantum mechanics, where the calculation of energy gradients
for variational wave functions does not require calculating the
wave function response.

We now consider the case where the coupled N sets of
multipoles M are not determined by minimizing the energy (eq
5) but rather from solving a linear system of equations defined
in eq 8.

AM =b (8)

The A matrix here represents the interaction kernel for the

specific nonvariational model. The classical Hellmann—
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Feynmann theorem cannot be applied in this case, and
calculation of the energy gradient thus formally requires the
calculation of the multipolar response term in eq 6. A very
similar problem is encountered in electronic structure theory
when evaluating linear-response properties for nonvariational
wave functions where wave function response terms are
needed. As first shown by Handy and Schaefer,™ however, the
calculation of the response terms can be avoided by makin:

use of the Lagrange method of undetermined multipliers,4‘
and we exploit the same idea here. The starting point is to
define a Lagrangian by augmenting the electrostatic energy in
eq 2 with the condition used to compute M (eq 8),
premultiplied by a vector of undetermined multipliers 4, eq 9.

LR, M A) =&, + kM + %MTTM + A"(AM - b)
9)

We note that the function value of the Lagragian in eq 9 is
identical to the energy in eq 2, once the multipoles are
determined from eq 8. The Lagrange multipliers A are defined
by the condition that the Lagrange function is stationary with
respect to variations of the multipoles M, eq 10, where the
symmetry of T has been employed.

0L(R, M, 4)
oM
A =—(A)"'(k + T™M)

=Al+k+TM=0

(10)

We note that the stationary condition in eq 10 does not
make the model variational, as it is used to define the Lagrange
multipliers A, not the multipoles M. The energy gradient can
now be replaced by the derivative of the Lagrange function in
eq 9, yielding eq 11.

A&y _ dLR M, 1)
do, do,
05 ;
L I L SRSV LS Y
0o, 0o, 2 Jg

c Ak M LBy - P
0o, 0o, oo,
(11)

The three terms involving the multipolar response disappear
due to eq 10, yielding the expression for the gradient in eq 12.

oL _ 08 k10T ﬁ[a_AM _ a_b]

=—+ M+ —
oo, do, 0o, 2 Jdo 0o, do,
(12)

The expression for the energy gradient of a set of
nonvariational coupled multipoles in eq 12 is completely
general. Compared to the energy gradient in eq 7, the gradient
in eq 12 contains additional terms corresponding to the
product of the Lagrange multipliers with explicit geometry
derivatives of the kernels of the equation for calculating the
multipoles. The important point is that the Lagrange
multipliers are independent of the geometry perturbation
and can be determined by solving a single set of linear eqs (eq
10), rather than 3N sets of equations required for determining
the multipole response, implying a computational savings of a
factor of ~3N. The computational cost of solving eq 10 is
comparable to that for solving eq 5, making the calculation of
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the gradient for nonvariational energy expressions feasible for
any systems amendable to calculations using variational energy
functions. We will in the next section exemplify the procedure
and computational implementation of the gradient in eq 12 for
the recently proposed BC model, which is a charge-only
polarization model using nonvariational charges for modeling
the electrostatic energy.

Application of the Lagrangian Formulation of the
Electrostatic Energy to the Bond Capacity Model. The
FQ, induced dipole, and Drude oscillator models all employ
the variational energy criterion in eq S to determine the
electrostatic variables, in terms of charge flow or induced
dipole moments, respectively. The total charge is a conserved
quantity, but the variational condition in eq 5 does not
guarantee that. Charge conservation for the whole system can
be fulfilled in the FQ model by introducing a Lagrange
multiplier, but this leads to a global coupling of all atoms,
regardless of distance, and results in metallic conductivity and
artificial long-range charge transfer.”” Charge conservation in
predefined fragments can be enforced by introducing addi-
tional Lagrange multipliers, but this prohibits genuine charge
transfer between fragments. It furthermore leads to a very large
number of constraint parameters, for example, when perform-
ing simulations with explicit water, as each water molecule is a
separate fragment. The unphysical charge transfer problem is
also present in induced charge-dipole polarization models,*
corresponding to combining the FQ and induced dipole
models*” and representing atomic charges by a continuous
distribution. Applications of this method introduce Lagrange
multipliers to ensure charge conservation within molecular
fragments or employ an ad hoc two-parameter exponential
damping factor to provide the correct long-range charge
transfer behavior.***” The polarization response in the induced
dipole and Drude models can be obtained without additional
constraints, as there is no bound on the sum of induced dipole
moments.

The proposed BC model is in analogy to FQ_ a charge-only
polarization model, but charge conservation is guaranteed by
virtue of the model itself without the need for Lagrange
multipliers and with guaranteed integer charge fragments at
large separation, while still allowing charge transfer to occur at
contact distances.”” The key feature of the BC model is that
the charge transferred between a pair of atoms is proportional
to the product of a bond capacity and an electrostatic potential
difference between the atom pair, and the distance dependence
of the bond capacity prohibits long-range charge transfer and
leads to a linear scaling of polarizability with system size, in
contrast to the FQ model, as discussed in more detail in ref 39.
The BC model is capable of smoothly connecting the covalent
bonded and dissociation limits, and this is a valuable property
for designing reactive force field models.”® The BC model
introduces additional flexibility by separating the calculation of
the atomic charges from the equation for calculating the
electrostatic energy resulting from interaction of the charges,
and this implies a nonvariational energy with respect to the
atomic charges. For simplicity, the BC model is in the
following described without periodic boundary conditions
(PBC), while the PBC implementation is discussed in the next
section.

As derived in detail in ref 39, the full set of atomic charges Q
is obtained by solving eq 13, which is the model specific
version of eq 8.
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I+ q)Q=[-Cr+ Q) (13)

The J matrix describes a screened Coulomb charge—charge
interaction and is the charge-only analogue of T in eq 3, with
the modification that the diagonal elements J; describe charge
self-interaction and are equivalent to the atomic hardness
parameters in the FQ model. The vectors ¥ and Q, represent
atomic electronegativity parameters and reference atomic
charges for describing non-neutral systems, respectively. The
C matrix is analogous to the Maxwell capacitance matrix™"'
for electrical systems and is defined in eq 14.

N
z é:iokg(Rik) i=j

Gy =\ ki
- fi,(-)g(R,-,-) i#j (14)
The 53 represents the bond capacity parameter at the bond

equilibrium distance for the ij atom pair, and g(R;) is an
attenuation function taking a value of 1 at equilibrium distance
and decaying to 0 for large interatomic distances R;. The g(Rﬁ)
attenuation function ensures that charge transfer can only
occur between atoms that are within wave function overlap,
and the structure of the C matrix ensures that the total charge
is constrained to the sum of the elements in the Q, vector.””
The &° parameters can be obtained from calculated molecular
polarizabilities, while the y parameters can be determined
subsequently from calculated molecular electrostatic potentials.
We show in the Supporting Information that the set of BC
charges can be derived by minimizing an energy expression
corresponding to a set of coupled capacitors. This capacitor
energy expression, however, differs from the physically
motivated Coulomb energy expression in eq 15, which is the
counterpart of eq 2.

Lo
Sel - ZQJQ (1 5)

Note that J differs from J by excluding self-interaction
diagonal elements, that is, self-interaction is included when
calculating the charges, but not when calculating the
interaction energy. The electrostatic energy in eq 15 is not
stationary with respect to the BC charges, and the energy
gradient therefore contains nonzero charge-response terms.
Rewritting eq 6 for the specific case of nonvariational BC
charges gives eq 16.

dEy _ 06, 0600 10
do, oo, 6Q0q_2 do,

i i i

9840Q
0Q 9o,

ar (16)

As outlined in the previous section, the charge-response
term can be avoided by the Lagrange technique, providing the
general gradient expression in eq 12. For the specific case of
the BC model, the A and b elements are identified from eq 13
and given in Table 1 together with other quantities. The
interaction kernel A in the BC model is a nonsymmetric matrix
as a direct consequence of the properties of Maxwell’s
capacitance matrix C. The equivalence of eqs 9, 10, and 12
for the specific case of the BC model are shown in eqs 17, 18,
and 19, respectively.

LR, Q A) = %QTJQ+ A+ CHQ+ Cr - Q]
(17)
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(I+JOA=-JQ (18)
aL(R,Q_,A)_l Tﬂ +a_C~
e 2Qanwl aq(JQﬂ()
v ca_iq}
do, (19)

Implementation of the Bond Capacity Model for
Molecular Dynamics with Periodic Boundary Condi-
tions. An accurate description of the electrostatic energy is of
vital importance for simulating polar systems where electro-
static interactions often play a dominating role. The electro-
static interactions are long range, and this can be problematic
when the size of the simulation box is comparable to the range
of such interactions. The use of PBC allows for taking into
account the interactions with the periodic images of the
simulation cell. However, a simple distance based truncation of
the Coulomb interactions can lead to nonphysical artifacts,””
and all periodic images must be taken into account. This can
be done by the Ewald summation method that is reviewed in
the Supporting Information, together with the Smooth Particle
Mesh Ewald (SPME) reformulation® adopted in this work.
Using these techniques for implementing the BC model in the
Tinker-HP package requires, in analogy with other polarization
models, that the equations requiring a formal inversion of a
large dimension matrix are reformulated as iterative procedures
using the potential ¢,(Q) from all (other) charges as the
fundamental quantity. For solving the equation for the set of
Lagrange multipliers A, we in addition need to introduce a
generalized potential ¢,(@), which is the potential at R; due to
a set of generalized charges @ and all their periodic images. For
a detailed discussion of the procedure employed to compute
¢{(w) with the SPME, we again refer to the Supporting
Information material. The ¢(@) similarly represents the
generalized potential ¢(@) where the self-interaction terms
have been included via the J; parameters, eq 20.

b (@) = p(o) + o,

The BC energy gradient needed for performing MD
simulations requires that eqs 13, 18, and 19 are solved at
each time step. The direct matrix inversion for calculating the
set of charges Q and multipliers A is unfeasible for large
systems and must be replaced by an iterative procedure. The
defining equation for Q (eq 13) can be rearranged into eq 21,
where the JQ term is replaced with the generalized potential in
eq 20.

Q

(20)

—Cr+JU+Q,» Q=-Clx+¢(Q) +Q,
(1)
The equality in eq 21 is satisfied when Q_is obtained from eq
13, but it can be recast into an iterative form as shown in eq 22.

Q"= —c(x+ ¢ Q") +q,

Here, $(Q™) represents the electrostatic potential calcu-
lated with the SPME method from the charges at the nth
iteration and augmented with the self-interaction terms.

The equation defining the multipliers (eq 18) can similarly
be rearranged to give eq 23 where p(CA) is the generalized
potential in eq 20 with @ = CA.

A=-JCA-JQ=A=-$(Ch) - H(Q

(22)

(23)
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Figure 1. (a) Iterative solution of eq 22 (charges Q) with and without DIIS extrapolation. (b) Iterative solution of eq 24 (Lagrange multipliers ).

1
1] _ T["]H,z, where 7 represents

either Q or A. The starting guess has in both cases been taken as the null vector 0.

The equality is satisfied for a set of A obtained via eq 18 and
can be turned into the iterative form shown in eq 24.

Al = —g ey - (@

The term ¢(Q) is the potential due to the set of converged
charges Q (and all their periodic images), and this implies that
the solution of eq 24 requires a prior solution of eq 22. It is
possible that more efficient algorithms can be derived that
solve eqs 22 and 24 simultaneously. As mentioned above, the
A matrix is nonsymmetric, and this excludes the possibility of,
for example, employing the conjugate gradient family of
methods for this specific problem. The solution of both eqs 22
and 24 is in the present implementation coupled with the DIIS
extrapolation procedure,” and the initial guesses Q! and Al
can either be taken as the converged sets from the previous
time step or extrapolated with the Kolafa predictor

(24)
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algorithm.*® Eqs 22 and 24 represent iterative procedures for
the formal inversion of the A and A" matrices, respectively, and
numerical analyses regarding the convergence are reported in
the next section.

The gradient of the Lagrange function can now be written in
terms of the SPME generalized potentials ¢(Q) and »(Q)
generated by the converged set of charges and their periodic
images, eq 25.

OLR Q) _ 1

+0p(Q) ¥
0o, ZQ do, A

i

+Ca$(q>l
do,

EFQ +2)

(25)
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Figure 2. Energy conservation for MD simulations in the microcanonical ensemble of [H,0]s, as a function of the common (Q and 1)
convergence threshold parameter y = 10™". The energy scale is offset by 0.5 kcal/mol for increasing values of n.

B NUMERICAL RESULTS

All calculations have been performed with a 24.66 A cubic box
containing 500 water molecules ([H,0]sq) except for the tests
of the parallelization performance, which have been performed
with a box of side lengths 49.32 A containing 4000 water
molecules. The bonding and Lennard-Jones parameters are
taken from the TIP3P water model’” and the electrostatics
have been parametrized to reproduce TIP3P atomic charges.
This choice of parameters allows a test of the correct
implementation of the BC model by comparing to TIP3P
results, but we emphasize that the BC model has the potential
for improved accuracy by a refined parametrization, but this is
beyond the scope of the present work. Fifth-order B-spline
functions have been employed for the SPME together with a
charge grid of size 30 X 30 X 30 with the Ewald parameter
being = 0.42, and Ewald and van der Waals cutoffs are set to
9 A

The iterative calculation of Q and A using eqs 22 and 24
must be sufficiently converged to ensure stable MD
simulations. We define 7"} as the vector representing either
Q or A at iteration n and F(z"") the function corresponding to
the right-hand sides of eqs 22 and 24. Denoting the
convergence threshold y and the DIIS extrapolation procedure

G, the structure of the solver is shown schematically below.
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while (r > vy) and (iter < maxiter) do

T = F(eh);
if (use DIIS) then

‘ 1] — g(.r[[’r"”;]], T{”J, T,n—lJ,_ . );
else

4+ +1

| =,
end

— L ||l+1] ]
=75l n T -
iter = iter + 1

end

Figure 1 shows the numerical convergence of the iterative
BC equations based on the above scheme. The simple iterative
solution of the BC equations shows divergence for both eq 22
and eq 24, while the use of the DIIS extrapolation algorithm
ensures convergence in both cases. Similar results have been
found in prior work where the convergence of the polarization
equations for the induced dipole model was analyzed for
different iterative methods.”® Eqs 22 and 24 can be seen as
fixed point iterative procedures for inverting (I + CJ) and (I +
JC), respectively, and convergence is only guaranteed for
strictly diagonally dominant matrices. The DIIS algorithm can
be considered as an extrapolation method when applied to
solving nonlinear equations, but when used in connection with
linear equations, as in the present case, it becomes equivalent
to the Generalized Minimal Residual method (GMRES). The
GMRES belongs to the Krylov subspace class of methods, and
it has guaranteed convergence properties, even when the
matrix is not diagonally dominant.>”

The atomic trajectories in an MD simulation are obtained by
solving Newton’s equation of motion and in practice are
integrated by a variety of algorithms where the time variable is
discretized into finite time steps. The size of the time step is
the main parameter for controlling the accuracy of the
integration, and it can operationally be probed by monitoring
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parameter y = 107", with the Q convergence threshold = 107% The energy scale is offset by 0.5 kcal/mol for increasing values of .

how closely the total energy is conserved when simulating a
microcanonical ensemble where the total energy &, the volume
V, and the number of particles N are conserved quantities.
Another possible source of energy drift when employing
polarizable force fields is the incomplete convergence of the
self-consistent equations used in calculating the potential and
forces in each time step. It is therefore important to investigate
the effects of the convergence threshold y on the dynamics in
the implemented BC model, for both the charges and
multipliers. Figure 2 shows the time dependence of the total
energy as a function of the common convergence parameter y

using a time step of 0.25 fs. Convergence to 107* leads to a
small energy drift, but for y values in the range 107> to 107° the
energy is conserved within the numerical noise. Figures 3 and 4
show corresponding plots where the sensitivity toward the
convergence threshold of either Q or A4 is probed. Figure 3
shows that a y value of 107" for the convergence of Q leads to
an energy drift compared to smaller y values. Note that the
energy drift is larger than in Figure 2, which indicates that
some error compensation with respect to the A convergence
takes place. Figure 4 shows that the y convergence threshold
for A is less sensitive than for Q, which agrees with the

6220 DOI: 10.1021/acs.jctc.9b00721

J. Chem. Theory Comput. 2019, 15, 6213—6224


http://dx.doi.org/10.1021/acs.jctc.9b00721

Journal of Chemical Theory and Computation

2.5 T T T T
W TIP3P ——
BC —
EXP ——
20F 1
15 F 1
5
10 F
05 F -
0.0 j L L L
0 2 4 6 8 10

Dist [A]

Figure S. Radial distribution function for the oxygen—oxygen pair, calculated from a 0.5 ns trajectory of the [H,0]5y, system in the isothermal—
isobaric ensemble at 300 K and 1 atm. The experimental data have been extracted from ref 61 and refer to 298 K.

observation that the contribution from the Lagrange terms in
eq 19 are smaller than the contribution from the Q term. A
common y value of 107 would appear sufficient to ensure that
the limiting error is due to the size of the time step, and this
convergence can, according to Figure 1, be achieved in
typically eight iterations if starting from a null vector for both
Q or A. In a simulation, however, the starting guess can be
taken as the values from the previous time step, or extrapolated
using information from several previous time steps. Simply
using the converged solutions from the previous time step
typically reduces the required number of iterations to 7. We
have also tested the effect of employing Kolafa’s predictor®®
using information from the previous six time steps, but this led
to only marginal improvements of a few percent in the total
number of iterations over a whole simulation. This is slightly
surprising, as a factor of 2 improvement has been found in
other work,”” and implies that alternative predictor formulas
should be investigated.

Figure 5 shows the oxygen—oxygen radial distribution
function for the current implementation of the BC model
compared to the corresponding TIP3P and experimental
results.”’ The overall similarity of the BC and TIP3P curves
serves as a validation of the implementation, with differences
due to the inclusion of polarization in the BC model not
present in the TIP3P results. We note that including
polarization by the BC model provides a slightly better
agreement with the experimental results for the second
solvation shell, and specific parametrization may provide
further improvements. The computational requirements for a
simulation of the [H,0]5y, system with the polarizable BC
model is with the present implementation roughly a factor of 2
slower than for a corresponding simulation using the
polarizable AMOEBA model. The AMOEBA model employs
3N electrostatic variables (x, y, z dipole components) that
must be calculated in each time step, while the BC model has
2N variables (Q, ) and should thus inherently be competitive.
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The better performance of AMOEBA arises from the reduction
in the number of iterations for solving for the 3N electrostatic
variables by the Kolafa extrapolation, while this extrapolation
leads to essentially no improvement for the BC case. This
suggests that there likely is room for computational improve-
ments of the present implementation, both in the algorithm for
solving the key equations of the BC model and for designing
suitable extrapolation formulas.

The feasibility of performing MD simulations on realistically
sized systems requires that the computational implementation
shows good scalability over the number of computational
cores. The implementation of the BC model follows the 3D
spatial decomposition parallel framework of Tinker-HP*" with
the cubic simulation box being split into smaller boxes, each
assigned to an MPI process (that may contain several cores in
a hybrid MPI/OpenMP context). Each process calculates in
each time step the interactions between atoms whose midpoint
lies in its box using the midpoint rule.”” The 3D grid used for
the reciprocal space is similarly split into 2D pencils, each of
which being assigned to a process that does the required
calculations by placing the charges on the grid, followed by a
Fast Fourier Transform and extracting the potential from the
grid.

The solution of eqs 22 and 24 requires the calculation of the
electrostatic potential due to the charges (or generalized
charges) in each iteration. The direct part of these potentials
requires that each process has to communicate the values of its
(local) charges (or generalized charges) to the processes
assigned to neighboring regions of space. Due to the use of the
symmetry, these interactions are calculated only once for each
atom pair, and each process must therefore do a symmetrical
communication of the obtained potentials to the neighboring
process afterward. Because there may be discrepancies between
the real space 3D decomposition and the reciprocal space 2D
decomposition, additional communication may be required
before each iteration to compute the reciprocal part of the
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electrostatic potential. As usual in this parallel paradigm, a
small amount of communication between processes respon-
sible for adjacent parts of the 3D grid is required to compute
the reciprocal potential. Once the iterations for the charges and
the Lagrange multipliers have converged, the calculation of the
forces is exactly the same as for calculating the forces due to
permanent charges in Tinker-HP, and this requires only a small
amount of communication for the reciprocal part. Figure 6
shows the parallel performance on the Occigen machine at
GENCI (CINES, Montpellier, France) with Intel Xeon ES—
2690v3 processors (24 Haswell cores at 2.6 GHz per node).
We have in the present case used a self-consistent procedure in
each time step for the polarizable molecular dynamics, since
this allows the use of advanced multi-time-step strategies®” that
significantly reduces the computational cost for a fixed amount
of sampling. The charge and Lagrange variables could
alternatively be propagated by an extended Lagrange formalism
using fictive masses, in analogy with the virtual particles in the
Drude model, but this would require the use of significantly
smaller time steps.®*

B CONCLUSIONS

We argue that the Bond Capacity model is an attractive
component of designing new force field methods as it allows
representation of molecular polarization using only charges for
representing the electrostatic interaction. It ensures charge
conservation without the need for additional constraint
parameters, and it can be parametrized directly using results
from electronic structure calculations. It furthermore provides
a smooth connection between the covalent bonded and
dissociation limits. The Bond Capacity model differs from
other polarization models by not determining the electrostatic
variables (charges) by a minimization of the electrostatic
energy. This formally implies solution of a very large number
of response equations in order to obtain molecular gradients
needed for molecular dynamics simulations, and this would
make such nonvariational models unfeasible. We show that by
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employing a Lagrange technique it is possible to calculate
energy gradients of parametrized energy models using
nonvariational polarization multipoles with only a small
computational overhead compared to variational models. The
additional requirement consists of solving a single set of linear
equations similar to those for determining the electrostatic
variables themselves. The Bond Capacity model is imple-
mented with periodic boundary conditions in the Tinker-HP
program package, and proof-of-concept molecular dynamics
simulations are presented. We note that the Bond Capacity
model has been coupled with continuum solvent models,
which may be useful for calculations not employing periodic
boundary conditions.”> The presented framework is com-
pletely general and provides additional flexibility in designs of
new polarizable and future reactive force fields.
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